Abstract. Determining unknotting numbers is a large and widely studied problem. We consider the more general question of the unknotting number of a spatial graph. We show the unknotting number of spatial graphs is subadditive. Let g be an embedding of a planar graph G, then we show u(g) ≥ max{u(s)| s is a non-overlapping set of constituents of g}.
Introduction
Determining the unknotting number for knots is a notoriously hard problem. We are studying the unknotting number of embedded graphs. An embedded graph is called a spatial graph. The graph with two vertices and three edges between them is called the θ-graph. An embedded θ-graph is called a θ-curve. In this article we present two new ways to obtain an obstruction to a θ-curve having unknotting number 1. We also present some observation about the relationship between unknotting number of a graph and the unknotting number of its cycles, and the behavior under connected sum.
This article is focused on determining the unknotting number of prime θ-curves, up to seven crossings. The unknotting number of a knot K, u(K), is the minimum number of crossing changes needed to obtain the trivial knot (or unknot), over all possible diagrams of K. For planar graphs, those abstract graphs that can be embedded in the plane, the planar embedding of the graph (up to equivalence) is considered a trivial embedding. A trivial embedding is also called unknotted. For a spatial graph g, the unknotting number, u(g), is the minimum number of crossing changes needed to obtain a planar embedding, over all possible diagrams of g. In [11] , Kawauchi extends the idea of unknotting number to nonplanar graphs. He defined three different unknotting invariants for graphs, which are all equivalent for planar graphs. Here we will focus on the θ-graph, which is a planar graph.
A related question is how to determine if an embedding of a graph is planar. In [20] , Simon and Wolcott gave a criterion that detects if a θ-curve is planar. In [19] , Scharlemann and Thompson gave criterion for detecting if any spatial graph is planar.
Our interest in this problem stems from our work to understand an important biological process: DNA replication. DNA replication is when a single DNA molecule is reproduced to form two new identical DNA molecules. In the course of replication of small circular DNA molecules, such as plasmids or bacteria, the partially replicated DNA forms a θ-curve structure. Intriguingly, this θ-curve can be knotted [1, 21, 18, 13] . We, and biologists, would like to understand unknotting of θ-curves, in order to better understand both the knotting that occurs during replication, and the processes that drive it. We explore the biological ramification of these results with Andrzej Stasiak [4] .
In Section 2, we give background on spatial graphs, unknotting number, and define vertexconnected sums.
In Section 3, we show that unknotting number is subadditive under vertex-connected sum. A constituent knot of a spatial graph g, is a subgraph of g that is a cycle. We define a new invariant of a spatial graph, the maximal constituent unknotting number of a graph, mcu(g) = max{u(s)| where s is a non-overlapping set of constituents of g}.
The complete definition is given in Section 3. We also present bounds on u(g) based on the unknotting numbers of its constituent knots. Observation 4 says, for an embedding g of a planar graph G, u(g) ≥ mcu(g). In the case of the θ-graph the maximal constituent unknotting number reduces to mcu(θ) = max{u(K i )| over all constituent knots, K i }. While simple this bound ends up being integral to our main result.
In Section 4, we prove Theorem 10 which together with Theorem 11 from the Appendix gives our main theorem: Theorem 1. The unknotting numbers for the θ-curves in the Litherland- Moriuchi Table are  determined exactly as listed in Table 2 . Additionally, unknotting crossing changes are shown for all of the curves in Figure 7 .
All of the prime θ-curves up to seven crossing have unknotting number 1, 2, or 3. In many cases we were able to find a set of unknotting crossing changes equal in number to the lower bound give by our Observation 4. However, for some of the θ-curves finding the unknotting number was more delicate. In the proofs of Lemma 7 and Lemma 9 we show two ways to find an obstruction to the θ-curve having unknotting number 1. Both of these methods could easily be adapted to find an obstruction to a θ-curve having unknotting number greater than 1. In the Appendix by Kenneth Baker, Lemmas 12 and 13 give another way to obstruct a θ-curve from having unknotting number 1. With this insightful addition the four remaining θ-curves 7 5 , 7 22 , 7 24 , and 7 58 are shown to have unknotting number 2 in Theorem 11. In this work we did not have any examples where we needed to find a more subtle obstruction to having unknotting number greater than 1. also thank the Isaac Newton Institute of Mathematical Sciences for hosting us during our early conversations.
Background
A spatial graph is an embedding of a graph in R 3 (or S 3 ). Spatial graphs are studied up to ambient isotopy, and can be thought of as a generalization of a knot. Similar to knots there is a set of Reidemeister moves for spatial graphs [10] . See Figure 1 . A cycle in a spatial graph is thought of as a knot. If K appears as one of the cycles of a spatial graph g, then K is said to be in g, and K is called a constituent knot of g. A constituent knot of g, is a subgraph of g that is a cycle. A crossing move is when a strand of K is passed through another strand, or in a graph an edge is passed through itself or another edge. This can changed the knot type or graph type. It can be useful to describe a crossing move in terms of surgery. A crossing disk is an embedded disk which intersects the knot or graph in its interior twice, but has zero algebraic intersection. A crossing circle is the boundary of a crossing disk. A crossing change can be described by (±1)-Dehn surgery along a crossing circle. For a definition of surgery see Rolfsen [17] . Crossing changes defined by two different crossing circles are equivalent if the surgery coefficients are the same and there is an ambient isotopy, keeping K fixed throughout, that takes one crossing circle to the other. In a diagram a crossing move can be made at a crossing of the diagram, in this case, the arcs at that crossing are replaced with arcs where the opposite edge is on top, usually called a crossing change. A crossing move can also be indicated by an oriented framed arc, called a crossing arc, the crossing arc goes between the two points that will be passed through each other, and traces the path they will take to do so. For a framed arc there are two different possible crossing changes that it could be indicating, so to be well defined it must also be given an orientation. When a crossing arc or a set of crossing arcs results in the unknot (or a trivial embedding) they are called unknotting arcs. The unknotting number of a knot K, u(K), is the minimum number of crossing changes needed to obtain the trivial knot, over all possible diagrams of K. Abstract graphs that can be embedded in the plane are called planar graphs. Throughout this article we will be considering only planar graphs. For planar graphs, the planar embedding of the graph (up to equivalence) is considered trivial embedding. This is a natural choice, since the unknot (the trivial knot) is the only knot which is equivalent to a planar embedding of the circle. A trivial embedding is also called unknotted. For a spatial graph g, the unknotting number, u(g), is the minimum number of crossing changes need to obtain a planar embedding, over all possible diagrams of g.
We will call an embedded θ-graph, a θ-curve. We will denote the trivial θ-curve as 0 θ . For all other θ-curves with seven or less crossings we will use the names given in the LitherlandMoriuchi Table [ 14] (Figure 7 ). For knots we will use the names given in Rolfsen's tables [17] . Though it should be clear from context to further distinguish these the θ-curve name will appear in bold. In order to define a prime θ-curve we will first define the order−n vertex connect sum. Given two graphs embedded in S 3 , call them g 1 and g 2 , both with a chosen valence n vertex, the order−n vertex connect sum of g 1 and g 2 , denoted g 1 # n g 2 , is the result of removing a 3-ball neighbourhood of each of the vertices and glueing the remaining 3-balls together so that the n points of g 1 on the boundary are matched with the n points of g 2 on the boundary of the other ball. This definition is restricted to R 3 in the natural way. For examples see Figure 2 . The order-2 vertex connect sum is the usual connect sum. We will allow this with or without valence 2 vertices. In general, the order−n vertex connect sum has ambiguity, because when the S 2 boundaries are glued together different braids can be introduced between the original graphs. For more information about this see [22] . A prime θ-curve is one that is neither an order-3 vertex sum of two nontrivial θ-curves, nor a connect sum of a nontrivial knot with the edge of a (possibly trivial) θ-curve. 
Observations
In this section, we present two bounds on the unknotting number of a spatial graph. Additionally, we define the maximal constituent unknotting number of g.
Observation 2. The unknotting number of spatial graphs is subadditive. Let g 1 and g 2 be embedded graphs and let g 1 # n g 2 be the order−n vertex connect sum of them. Then
The minimum crossing changes needed to unknot both g 1 and g 2 can be described by sets of unknotting arcs α i and β i , respectively. The order−n connect sum can be done without disturbing the unknotting arcs, because the ball can be isotoped to not meet the unknotting arcs. Then the set α i ∪ β i will be a set of unknotting arcs for g 1 # n g 2 . Thus u(g 1 # n g 2 ) is at most the sum of u(g 1 ) and u(g 2 ).
When possible we will use known unknotting numbers of knots to determine bounds on the unknotting numbers for spatial graphs. Two constituents are said to overlap if they share one or more edges.
Definition 3. Let g be an embedding of a planar graph G. Let s = {K 1 , . . . , K n } be a set of mutually non-overlapping constituents of G. The unknotting number of s is,
The maximal constituent unknotting number of g is mcu(g) = max{u(s)|s is a non-overlapping set of constituents of g}.
The maximal constituent unknotting number is an invariant of the spatial graph.
There is a relationship between the unknotting number of g and the maximal constituent unknotting number of g. Observation 4. Let g be an embedding of a planar graph G, then u(g) ≥ mcu(g).
When the graph g is unknotted each of its subgraphs are also unknotted. The constituent knots are special cases of subgraphs. If one of the constituents is not unknotted then the graph will not be unknotted. Since we are considering non-overlapping constituents, unknotting one will not affect the others. Thus there must be at least enough crossing changes to unknot the set of non-overlapping constituent knots with the largest sum of unknotting numbers.
Turning our attention to the θ-graph, all of the constituents of a θ-curve overlap. So the maximal constituent unknotting number reduces to mcu(θ) = max{u(K i )|K i are the full set of constituent knots}.
If we instead consider the sum of the unknotting numbers of all of the constituents of a θ-curve we see that this can have any relationship with u(θ). Let K i be the constituents of
for θ = 5 1 and 6 1 , however
for θ = 3 1 and 6 12 , and finally
for θ = 5 7 and 6 16 . There are many more examples in each of these instances. However, the only prime θ-curves with 7 or less crossing, for which u(θ) > u(
holds are those where all of the constituents are unknots. It would be interesting to find a prime θ-curve for which u(θ) > u(
holds that has nontrivial constituents.
The unknotting number of prime θ-curves up to 7 crossings
In [14] , Moriuchi presented a table of all prime up to 7 crossings, originally compiled by Litherland. Moriuchi showed that all of the 90 θ-curves appearing in the table are distinct. While the completeness of Litherland's table has not been proven, the independent construction by Moriuchi of the prime θ-curves up to 7 crossings using a variation of Conway's methods gave the same set of θ-curves. See Figure 7 .
We have determined u(g) for all but four of the θ-curves in the Litherland-Moriuchi Table. In Figure 7 , we indicate a set of crossing changes that will unknot each θ-curve. We first demonstrate unknotting curves, then show they are minimal.
Proposition 5. The crossing changes indicated in Figure 7 unknot each of the curves.
Proof. The unknotting crossing changes are highlighted in gray (purple). One can check that all of the θ-curves are unknotted with the indicated changes. For example, Figure 3 shows how 5 7 can be moved to a planar embedding via Reidemeister moves after the indicated crossing change. Remark 6. In Figure 7 , one set of unknotting crossings for each θ-curve is presented, but it may not be unique. In Figure 4 , there are two θ-curves, each with two sets of different unknotting crossing changes indicated. In all cases one can check that these crossing changes will unknot the curve. For the curve 4 1 the crossing change in yellow and the one in blue can be distinguished by the surgery coefficients of their crossing circles. So these crossing changes cannot be equivalent. In a similar way, with 7 23 the two yellow crossing changes can be distinguished from the crossing change in blue by the surgery coefficients. Thus these must be different sets of crossing changes. Now we turn our attention to showing that these are the minimal number of crossing changes needed to unknot the θ-curves. First we will take a look at the more subtle cases. For each of the curves 6 12 , 7 5 , 7 8 , 7 10 , 7 22 , 7 23 , 7 24 , 7 55 , 7 57 , 7 58 , and 7 64 , we have found a set of two crossing changes that unknot them, and each of them has mcu(θ) = 1.
For the first set of curves we will work with the double branched cover branched over the trivial constituent to obtain our result.
Lemma 7. The curves 6 12 , 7 10 , 7 23 , 7 55 , 7 57 , and 7 64 have u(θ) = 2.
Proof. The curves 6 12 , 7 10 , 7 23 , 7 55 , 7 57 , and 7 64 have mcu(θ) = 1, but we will show that they have u(θ) = 2. In Figure 7 , we show the two crossing changes needed to unknot each of these θ-curves. So we need only show that the unknotting number must be greater than one.
Each of these θ-curves has two nontrivial constituents and one trivial constituent. Let the edge that is shared by the two nontrivial constituents be called e. If u(θ) = 1, the crossing changed will have to occur between the edge e and itself, because both of the nontrivial constituents must be unknotted.
We take the double branched cover of θ in S 3 branched over the trivial constituent. Sõ e = J, the lift of e, is a knot in S 3 . If θ can be unknotted with a single crossing change in e, thenẽ can be unknotted in (at most) two crossing changes. This is because the crossing change will also lift. Thus if u(ẽ) > 2, then u(θ) > 1.
In Table 1 , for each θ-curve we give the knotẽ and its unknotting number. The knot type was identified using KnotSketcher [7] and KnotFinder [5] . Unknotting numbers were determined from KnotInfo [6] . So based on the unknotting number ofẽ, the curves 6 12 , 7 10 , 7 23 , 7 55 , 7 57 , and 7 64 cannot have unknotting number one. Table 1 . For each θ-curveẽ = J is the knot that is the lift of the third edge in the double branched cover of θ branched over the unknotted constituent of θ. The θ-curve 7 5 has two unknotted constituents. Both lifts give the same result. The knot type of J was identified using KnotSketcher and KnotFinder. Unknotting numbers were determined from KnotInfo. For the next technique we will need another definition and theorem. A double knot is a knot that results from embedding the solid torus in Figure 5 containing the knot K into S 3 , as long as it is nontrivial. In work by A. Coward and M. Lackenby they proved:
If K is a double knot, but K = 4 1 then there is a unique crossing circle (at the clasp) and for K = 4 1 there are exactly 2 (at the two clasps).
Lemma 9. The unknotting number u(7 8 ) = 2.
Proof. The curve 7 8 has mcu(θ) = 1 but we will show that u(θ) = 2. In Figure 7 , we show the two crossing changes needed to unknot 7 8 . So we need only show that the unknotting number must be greater than one.
The two nontrivial constituents in 7 8 are both 3 1 . By Theorem 8 there is a unique crossing circle for each of these constituents. To have u(7 8 ) = 1 there must be a way to move the circles in the exterior of their respective knots so that they indicate the same crossing change in 7 8 . However, these two trefoils are mirror images of each other; so the surgery coefficients are +1 and −1. See Figure 6 . So this is not possible. Note: This method can also be used to prove u(7 10 ) = 2.
Theorem 10. The unknotting numbers for the θ-curves in the Litherland-Moriuchi Table are determined exactly for all but 7 5 , 7 22 , 7 24 , and 7 58 which have unknotting number 1 or 2. See Table 2 . Additionally, unknotting crossing changes are shown for all of the curves in Figure 7 .
In the Appendix, Theorem 11 shows that the θ-curves 7 5 , 7 22 , 7 24 , and 7 58 all have unknotting number 2.
Proof. The θ-curves 5 1 , 6 1 , 7 1 , 7 2 , 7 3 , and 7 4 are all examples of nontrivial θ-curves where all of the constituent knots are unknots. (A list of the θ-curves together with their constituent knots is given in Table 2 .) So they must have at least unknotting number 1. These were all shown to have u(θ) = 1 by finding an unknotting crossing. See Figure 7 .
For the remaining θ-curves, those with nontrivial constituents, we use Observation 4. It says u(θ) ≥ mcu(θ). With the exception of the 11 curves 6 12 , 7 5 , 7 8 , 7 10 , 7 22 , 7 23 , 7 24 , 7 55 , 7 57 , 7 58 , and 7 64 , the remaining curves had u(θ) = mcu(θ). See Figure 7 .
It was shown in Lemma 7 and Lemma 9 that the curves 6 12 , 7 8 , 7 10 , 7 23 , 7 55 , 7 57 , and 7 64 have u(θ) = 2. The four remaining curves 7 5 , 7 22 , 7 24 , and 7 58 have mcu(θ) = 1 however the only known means of unknotting take two crossing changes. So the unknotting number for these curves is 1 or 2. This completes our proof. 
Appendix A. On bandings of unknotting number 1 θ-curves Kenneth l. Baker In Theorem 10 above, Buck-O'Donnol determine the unknotting numbers for all θ-curves in the Litherland-Moriuchi table [14] of prime knotted θ-curves that admit diagrams with at most 7 crossings, except for the θ-curves 7 5 , 7 22 , 7 24 , and 7 58 . In this appendix we provide another method for showing the unknotting number of a θ-curve is not 1 which allows us to confirm that the unknotting numbers of each of these four θ-curves is 2.
Theorem 11. The unknotting numbers of the θ-curves 7 5 , 7 22 , 7 24 , and 7 58 are all 2.
Labeling the three edges of a θ-curve θ as e 1 , e 2 , e 3 , we obtain three constituent knots K i = θ − Int e i , for i = 1, 2, 3, obtained by deleting the interior of an edge. Buck-O'Donnol define the maximal constituent unknotting number of a θ-curve θ with constituent knots K 1 , K 2 , and K 3 to be
and they observe that u(θ) ≥ mcu(θ). See Definition 3 and Observation 4.
Instead of deleting an edge of the θ-curve θ, we may use the edge e i to determine bandings of the constituent knot K i to a family of two-component links L Proof. Let θ 0 be the unknotted θ-curve embedded in the sphere S. If u(θ) = 1, then there is a crossing disk D for θ 0 such that ±1-surgery on the crossing circle ∂D produces θ. Observe that D is disjoint from an edge e i of θ 0 . Banding θ 0 along e i with a rectangle in S produces the two-component unlink in S. Since such a rectangle may be chosen to lie in an arbitrarily small neighborhood of e i , it may be taken to be disjoint from D as well. Therefore the operations of the banding and ±1-surgery on ∂D commute.
Banding along e i after ±1-surgery on ∂D thus produces one of the links L Figure 8 , the three knot types of the constituent knots (up to mirror images) and determinant and signature calculations for each banding link with at least one unknotted component are listed. For a banding link L, these calculations are presented as (det(L), {|σ(L )|, |σ(L )|}) where L and L are the two orientations on L up to overall reversal. In all cases η = 0. When unmarked, condition (Det) implies u(L) > 1. When marked with †, condition (NullSig) implies u(L) > 1. When marked with * , we employ Lemma 13. and the trivializing crossing change involves both components of L n i , then n = ±1 and both components are unknots.
, and σ(L) denote its determinant, nullity, and signature (see e.g. [15, Section 2] ). Note that det and η are insensitive to mirroring and changes of orientation of L. However σ may differ upon changing orientations on a proper subcollection of components of L and mirroring L negates σ.
If L is a link of two components with u(L) = 1 then the following conditions hold:
For n ∈ Z, the knot K n obtained by n full twists of K about a disjoint unknot c is the image of K upon −1/n-surgery on c.
Lemma 13. Suppose L is a link of two components with u(L) = 1 and linking number 0. Then an unknotting crossing involves only one component L we call K, the other component is an unknot which we call c, and the twist family of knots {K n } obtained by twisting
Proof. Let D be a crossing disk for L such that the crossing change induced by ±1-surgery on ∂D transforms L into the trivial link. Since the linking number of L is 0, D must intersect a single component of L, say K. Let c be the other component. Since this crossing change does not affect the knot type of c, c must be an unknot. Moreover, the crossing change must transform K into an unknot in the solid torus exterior of c. Hence for any embedding of this solid torus into S 3 , ±1-surgery on the image of D continues to unknot the image of K. In particular, the knots K n produced by the embeddings of this solid torus described by −1/n-surgery on c all have unknotting number at most 1.
Proof of Theorem 11. We now apply Lemma 12, conditions (Det) and (NullSig), and Lemma 13 to determine the unknotting numbers of the θ-curves 7 5 , 7 22 , 7 24 , and 7 58 . Table 3 shows the calculations of determinant and signature (the nullity is always 0) which are sufficient to conclude the relevant banding links have unknotting number greater than 1 in all cases except three, the links L To perform these calculations, we used PLink from within SnapPy [9] to draw the links and obtain their PD code. Then we used a program of Owens [16] built on the KnotTheory' package [2] for Mathematica [23] to compute the determinant, nullity, and signature from the PD codes of these links.
For the links L 1 produces the knot 11n79 for which u(11n79) = 2 is reported on KnotInfo [6] . (Knotorious [3] reports that the algebraic unknotting number of 11n79 is 2 due to the "Lickorish Test" [12, Lemma 2] . By inspection, one sees that it is at most 2.) Therefore u(L produces the alternating knot 7 4 for which u(7 4 ) = 2 is reported on KnotInfo [6] . (Here too Knotorious [3] reports that the algebraic unknotting number of the knot 7 4 is 2 due to the "Lickorish Test" [12, Lemma 2] . By inspection, one sees that it is at most 2.) Therefore u(L 0 1 ) > 1 by Lemma 13. Taken together, Lemma 12 shows that the θ-curves 7 5 , 7 22 , 7 24 , and 7 58 all must have unlinking number 2.
